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A link is established between the observed (approximate) geometric mass hierarchy of quarks 
and leptons and the triangular structure of their tenable flavor representations. This singles out 
SU(3)h as the horizontal flavor group, thereby linking the Fermi mass hierarchy with the threefold 
family replication. These linkages are exploited within a flavor-chiral SU(3)h model, with fermions 
and Higgs bosons in the 3 © 6* representation. The model is Left- Right symmetric and utilizes the 
universal see-saw mechanism with a geometric mass suppression pattern. Given certain assumptions, 
the model produces the following mass-ratio (rather than square-mass-ratio) mixing angle relations 
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I. INTRODUCTION 

Many ideas have been proposed as to how the pat- 
tern of quark and lepton masses and mixings observed 
in nature might be better understood. These ideas in- 
clude horizontal symmetry Jl|,||, partial || and full ||] 
grand unification, radiative mass generation ||, and the 
universal see-saw || mechanism. The latter is a simple 
Dirac-type extension of the see-saw mechanism in- 
vented for Majorana neutrinos. While all of these ideas 
are very interesting, it is fair to say that no uniquely 
compelling model has yet emerged which provides both 
a qualitative and a quantitative resolution of the fermion 
mass problem within an elegant theoretical framework. 

In this paper, we present a theoretical structure for 
quark masses and mixings which provides for a quali- 
tative understanding of the Fermi mass hierarchy, and 
which suggests five phenomenologically successful quan- 
titative mass and mixing angle relations. Our theory is 
based on an intricate marriage between horizontal flavor- 
chiral SU(3)h symmetry and the universal see-saw mech- 
anism. This non-trivial amalgam exploits the ability of 
the universal see-saw to explain why most quark masses 
are much lighter than the electroweak scale together with 
the ability of spontaneously broken SU(3)h to discrimi- 
nate among families. It thus utilizes the best features of 
universal see-saw and horizontal symmetry while avoid- 
ing their well-known inadequacies when used in isola- 
tion. The core of the model is a strong linkage between 
the observed (approximate) geometric mass hierarchy of 
quarks and leptons and the specific horizontal symmetry 
group SU (3)h ■ This symmetry group, in turn, is strongly 
linked to threefold family replication. 

We first discuss the three important hints that are pro- 



vided by the combination of mass hierarchy phenomenol- 
ogy and theoretical ideas: (i) the Left-Right symmetric 
universal see-saw mechanism, (ii) p-fold universal see-saw 
suppression pointing towards SU (2)h horizontal symme- 
try, and (iii) the geometric mass hierarchy and its inti- 
mate relation with SU(3)h horizontal symmetry. After 
discussing these hints in Section II, we present in Sec- 
tion III the theoretical structure that combines all of 
these ideas and resolves several apparent incompatibil- 
ities among them. The theory is then used to extract 
phenomenologically successful mass and mixing relations 
for quarks. We summarize our results in Section IV and 
discuss some important open problems. 



II. HINTS TOWARDS A THEORY OF FLAVOR 

Hint 1: Left-Right Symmetric Universal See-saw 
Mechanism 

Consider the Left-Right symmetric electroweak gauge 
group G LR = SU(2) L <g) SU(2) R ® U(1) B -l, and focus, 
say, on the quark sector. In addition to the standard 
left-handed and right-handed quarks 



QL ~ (2,U 1/3 , 

QR ~ (1,2) 1/3 , 

introduce the exotic vector-like quarks 



Ql 
Qr 



(1,1)4/3,-2/3 , 
(1,1)4/3,-2/3 , 



(2.1a) 
(2Tb) 



(2.2a) 
(2.2b) 



with matching electric charges. The structure of the pro- 
totype mass matrix is then 
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Qr 




( (2,2) 


(2,I)±i 


Ql 


I (L2)±i 


a. Do 



(2.3) 



with the various entries denoting the electroweak assign- 
ment of the corresponding Higgs multiplets and/or bare 
mass terms. It acquires the universal see-saw form 



£ 
r M 



(2.4) 



provided that (i) the putative (2, 2) Higgs multiplet is 
absent, and (ii) the symmetry breaking chain is governed 
by 



< r < M 



(2.5) 



where I = ((l,2)±i), r = ((2,1) ±1 ), and M stands for 
the (1,1) o bare mass term. The eigenmasses are approx- 
imately given by 



mught ^ —t 



m he 



M 



(2.6a) 
(2.6b) 



Compared with the electroweak scale £, the light eigen- 

mass is suppressed by the universal see-saw hierarchy 
r 

parameter e = — . The corresponding light eigenstate, 

r 

given approximately by q — T7 < 3> exm bits close to stan- 
dard electroweak interactions. Once heavy vector-like 
lcptons are also introduced into the scheme, the see-saw 
suppression becomes universal. This universality comes 
with a bonus. Namely, the Dirac-mass see-saw suppres- 
sion in the charged lepton sector automatically produces 
H the Gell-Mann-Yanagida see-saw suppression in the 
Majorana-neutrino sector. 

Although the naive universal see-saw is unable to ac- 
count for the full complexity of the observed fermion mass 
spectrum, it is possible to extend the idea to incorporate 
both unsupprcssed and singly-suppressed eigenmasses 



mi 
m 2 



£e 



(2.7a) 
(2.7b) 



This can be achieved through a toy two-family model g] 
where Left-Right symmetry is accompanied by a hori- 
zontal U(1)h flavor group. In this model, the full mass 
matrix has dimension 1 + 2 + 1 = 4. Its building blocks 
(produced when Cabibbo mixing is switched off) form 
the Left-Right symmetric sequence 
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r M 
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Note that the unsuppressed eigenmass ~ £ has, through 
Left-Right symmetry, a medium-heavy partner ~ r. The 



main problem is that such a toy model, while respecting 
Left-Right symmetry, cannot be easily modified to also 
incorporate a doubly-suppressed eigenmass ~ £e 2 . 

Hint 2: Prom p-fold Suppression to SU(2)h 

Motivated by the highly suppressed up and down quark 
masses, we now attempt, as an abstract exercise, to gen- 
eralize the universal see-saw matrix to produce a p-fold 
suppressed eigenvalue ~ £e p . The prescription is the fol- 
lowing: Consider a single left-handed standard fermion 
ipuy plus p left-handed see-saw fermions add to it 
(p + 1) right-handed see-saw fermions ^rj, and require 
the (p+ 1) x (p+l) universal see-saw mass matrix to be 
of the form 



^Rp 



IpLO 
^L2 



hp 



^R2 Wfli fflo 
£ \ 

Xi Mi 
X2 M 2 



J 



(2.9) 



The necessary ingredients are that £ acquires the stan- 
dard electroweak scale, and that the \i an d Mj are large 
SU(3)c®SU(2) L ®U(l) Y invariant VEVs or bare masses 

Xi 

with the hierarchy \i ^ Mj . The ratios €i — — — serve as 

Nil 

hierarchy parameters in the effective low energy regime. 
The p-fold suppression of the lightest eigenvalue 



mught — £eiC2 ■ 



£e p 



(2.10) 



is due to the p-fold stairway texture of the above univer- 
sal see-saw mass matrix. 

The above stairway pattern is about to serve as the 
building block of the full Fermi mass matrix. We will con- 
sider the full mass matrix shortly, but for the moment, we 
need to find an und erlying symmetry structure capable of 
supporting eq.(2.9). In the 1-fold suppression case, dis- 
cussed earlier, the underlying symmetry was Left-Right 
symmetry. In the p-fold suppression case (p > 1), how- 
ever, a horizontal symmetry must be invoked to distin- 
guish between the see-saw fermions in such a way that 
the prototype stairway pattern is produced. For a U (1)h 
symmetry to support such a pattern, the (p+l) right- 
handed fermions involved (and separately the p see-saw 
left-handed fermions) must have their horizontal charges 
form an arithmetic series. The horizontal conservation 
laws 



L\ — Rq — 
Li — R\ = 



— L p — Rp-i — 
. = L B — R D = b 



(2.11a) 
(2.11b) 



for some a and b, result from the non-vanishing Yukawa 
and ^LiXi^Rit where the hori- 



vertices * LiM^ R (i-i) 
zontal charge of a ll the Mj's is a and that of all the Xi i 
is b. In turn, eqs.(2.11) produce the recursion relations 



2 



Ri+i = Ri + (a — b) for all i , 
L i+ i = Li + (a-b) for i + 1 , 



(2.12a) 
(2.12b) 



as a simple yet quite restrictive consequence. Such a 
U(1)h symmetry explains the stairway texture, and also 
provides a rationale for all the Xi ' s to be of the same order 
of magnitude (and similarly all the M/s). However, it 
has the usual drawback of leaving the relative Yukawa 
coupling constants arbitrary. 

This motivates for U(1)h to be embedded into a higher 
non-Abelian symmetry group. But the required embed- 
ding is obvious and natural: an SU(2)h symmetry can 
support, at no extra cost, the equally spaced horizontal 
charges. The (p + 1) right-handed see-saw fermions \& m 
furnish the (p + l)-representation, the p left-handed see- 
saw fermions are assigned to the p, whereas the single 
standard fermion tp^Q is a singlet. The a and b charges 
are then +1/2 and —1/2, respectively, thereby suggesting 
that (M,x) forms an SU(2)h doublet. 

The real issue, however, is how to construct a mass 
matrix which produces one unsuppressed, one singly- 
suppressed, and one doubly-suppressed eigenvalue 



mi 
m 2 



£e 



m 3 ~ le 2 



(2.13a) 
(2.13b) 
(2.13c) 



Unfortunately, this cannot be pursued by a straight- 
forward concatenation of the p — 0,1,2 sectors sup- 
ported by SU(2)h- Recalling that the usual universal 
see-saw model is Left-Right symmetric, while the gener- 
alized p-fold suppressing case is not, our analysis seems 
to (wrongly) suggest that one should abandon Left- Right 
symmetry, and instead use only SU(2)h- It turns out, 
however, that the geometric mass hierarchy naturally 
hints at the larger symmetry group SU(3)h- The point 
of this paper is that the universal see-saw geometric-like 
hierarchy, Left-Right symmetry, and the full SU(3)h can 
be reconciled with each other. 

Hint 3: Geometric Mass Hierarchy and SU(3)h 

Consider a geometric-like mass hierarchy of the generic 
type 



I, le, te A 



te 



N-l 



(2.14) 



for an as yet unspecified number ./V of standard fami- 
lies. This sequence of eigenmasses can be produced from 
the corresponding sequence of p-fold suppressing univer- 
sal see-saw matrices constructed above. But the set of 
fermions one needs forms an interesting pattern. The 
right-handed see-saw fermions form the set 



R ~ 192 



(2.15) 



of SU(2)ff representations. This immediately suggests, 
given the fact that the ^>rs can be conveniently grouped 
(for arbitrary N) within a triangular representation, the 



embedding of SU(2)h within SU(3)h- In fact, both sets 
of see-saw fermions form triangles in the (T3, Y)u plane, 
with the triangle being one rung smaller than the 
fyji triangle. We therefore find a direct connection be- 
tween the observed (approximate) geometric quark mass 
hierarchy and the appealing horizontal symmetry group 
SU(3)h- It is the geometric-like Fermi mass hierarchy, 
and not directly the total number of families, that sin- 
gles out SU(3)h- Ironically, the standard left-handed 
fermions, while being N in number, only form a collec- 
tion of SU (3)h singlets. 

To take stock of the situation: We have an SU(2)h 
framework that can produce any p-fold suppression. 
However, it is not left-right symmetric and there is no 
constraint on the number of families. It can incorporate 
the observed geometric-like pattern of fermion masses, 
but it does not predict this pattern uniquely. However, 
if the eigenmass sequence is taken as geometric, then the 
pattern of SU {2)h fermion representations strongly sug- 
gests an underlying SU(3)h- The number of standard 
left-handed fermions is, however, still not constrained by 
the 'horizontal' symmetry. The pieces of the puzzle al- 
most fit. 

The theory we describe in the next section dovetails 
the geometric universal see-saw mass hierarchy, horizon- 
tal SU(3)h and Left-Right symmetry. The resulting 
fermion mass matrix has an intricate texture in which 
a Left-Right symmetric geometric sequence of stairway 
patterns can be discerned, but not in the obvious, naive 
way. The key to resolving the apparent conflict between 
Left-Right symmetry and the geometric sequence of p - 
fold universal see-saw suppression is the following set of 
five building blocks 



X 
r M 



i 
X M 
r M ■ 



I 
X M 



(2.16) 



7 



generalizing the three building block toy set eq. 
Note that the "•" entry in the middle block can be as 
large as M without spoiling the lightest eigenvalue pat- 
tern. This sequence is manifestly Left-Right symmetric 
and geom etric -like. It extends the pattern of the toy 
model eq.(2.S), but inserts a novel feature x whose sig- 
nificance will be explained below. The full mass matrix 
thus has dimensionality 1 + 2 + 3 + 2 + 1 = 9. 

Which features of the three hints arc to be retained and 
which abandoned? The answer to this question is not a 
priori obvious. We now present a scheme that works. 
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III. LEFT-RIGHT SYMMETRIC SU(3) H THEORY 
OF THE GEOMETRIC MASS HIERARCHY 

Symmetry Group and Multiplet Assignments: 

The largest representation suggested by hint 3, namely 
t}N(n+i), is maintained for the right-handed see-saw 
fcrmions ^ R . In keeping with our demand of Left- Right 
symmetry, the left-handed see-saw fermions 'J l can now 
be either the vector-like choice ^n(n+i) or the flavor- 

chiral choice ^N(N+iy. This is of course a departure from 
hint 3, which would require a iiV(JV-i) or ^n(n-i)*. For with 
reasons to be specified soon, we choose the flavor-chiral 
option rather than the vector-like option. Next, con- 
sider the N left-handed and the N right-handed standard 
fermions, ipL and ip R respectively. Each must constitute 
some, preferably irreducible, representation. We adopt 
the simplest non-trivial choice of either the fundamental 
representation or its conjugate (again departing from hint 
3). Since we already know from the geometric-like mass 
hierarchy that the horizontal group is SU (3)jj, this forces 
N = 3. In this way, the total number of standard families 
gets correlated with the geometric-like Fermi mass hier- 
archy. We resolve the conjugation ambiguity by choosing 
the "same triality" assignments 



1pL®^L ~3©6* 
iPr®^r^ 3* 8 6 



(3.1a) 
(3.1b) 



The combined requirements of flavor-chirality and same 
triality ensure that a group theoretically attractive Higgs 
sector can couple to fermions through Yukawa interac- 
tions (see later). The flavor-chiral option is also favored 
on electro/nuclear unification grounds. 

We now specify the multiplet structure of our theory. 
Using (SU{3) H \SU(3) c ®SU(2) L (g)SU(2) R ) B _ L nota- 
tion, our scheme is spanned by the Fermi sector 



9l(3|3, 2, l) + i +Q u L ' d (6*\3, 1, 
g*(3*|3,l,2)+i +Q£ d (6|3, 1,1)+*,-* 



accompanied by leptons, and the Higgs sector 

4,d(3|l, 2, 1 + r a , d {3 |1, 1, 2)_ 1;+1 

*u,d(6*|l, 1, l)o,o. 

Several remarks are in order: 



(3.3) 



1. All left-handed fermions (and anti- fermions) and Higgs 
scalars transform horizontally alike, namely via 3 © 6* . 
The Yukawa interactions are given by 



KGlQrZ + q R Q u L r u ) + KQrQl^u 



+ 



+ 



*d(q L Q R t* d + q R Qtr d ) + A d Q R Q d L <f 



h.c 



(3.4) 



where the charge +2 /3 sector terms are grouped between 
the first pair of square brackets, and the charge —1/3 



sector between the second pair. The SU(3)h fermion 
assignments selected allow, through SU (3) group theory, 
the parallel structure for the Higgs bosons. 

2. The marriage of the universal see-saw mechanism, 
Left-Right symmetry, and horizontal SU(3)h is schemat- 
ically expressed, in the Yukawa sector, by correlating 





(1,2) 


(1,1) 


(2,1) 


( (1,2) 


(2,1) 


(1,1) 




(LI) 



(3.5a) 



3 

G* 



6* 
3 



6* 



(3.5b) 



owing its simplicity to the fact that 3 x 6* x 6* 7$ L 
While being a necessary condition for the universal see- 
saw mechanism, the absence of the (3 © 6* | 2, 2) entry 
from the standard electroweak corner is not a sufficient 
condition for establishing the correct mass hierarchy. The 
latter calls for a certain detailed structure at the (6* 1 1, 1) 
corner. It must be singular enough to support exactly one 
unsuppressed eigenmass, and patterned in a particular 
manner in order to produce a full geometric-like hierar- 
chy. 

3. The possibility of a see-saw sector analogue of 
SU(2)l <X> SU(2) r is strongly suggested by the assign- 
ments in eq.(3.2). All fermions and scalars in our 
scheme fall naturally into SU(2)' L (£> SU(2)' R representa- 
tions: Q^' and r Utd can form (2', I') multiplets, Q R ,d 
and £ u , d can form (l',2') multiplets, while <fr u _ d can 
live in (2', 2'). In this way, the see-saw sector weak- 
isospin gauge group can elegantly explain why the elec- 
tric charges of see-saw matter match those of standard 
matter. Furthermore, it motivates an electro/nuclear 
[50(10) <X> 50(10)'] <X> SU(3) H unification scheme. 

4. The doubling of scalars into an up-type and a down- 
type, dictated by the horizontal flavor chirality for the 
Higgs triplets, is recognized as a vital ingredient in any 
supersymmetric Q extension of the model. Note that the 
doubling of Higgs sextets <& is dictated by gauge symme- 
try only when the SU (2)' L ® SU (2)' R extension is invoked. 

5. The flavor-chiral nature of SU(3)h suggests that the 
full theory contains an SU(3)h anomaly, in which case 
the horizontal symmetry must be global rather than lo- 
cal. The spontaneous breakdown of global SU (3)g has 
interesting consequences in regard to familon |10(| phe- 
nomenology and large-scale structure formation in cos- 
mology jlj. 

Mass Matrix and VEV Pattern: 

Having discussed the important features of the mul- 
tiplet assignments, we note that, while elegant, they do 



4 



not of themselves lead to the desired geometric-like hi- 
erarchical structure. A particular VEV pattern is also 
necessary. To fully appreciate this, we must first exam- 
ine the general 9x9 m ass matrix that arises from the 
Yukawa Lagrangian eq.(3.4). Since the mass matrix is 
of the same form in both of the quark sectors, we can 
momentarily consider the generic mass matrix M: 



( 









V2 

r 2 r 1 

\ V2 v5 



\/2 V2 





•S2 









e 1 o 
o e 
o o P 







% 



ii 







$33 
$22 

$23 






$33 



$11 



$13 





$22 
$11 





$12 



V2 V2 



$23 




$11 

_ $12 

V2 

$13 

V2 





$13 



$12 

V2 
$22 

$23 

V2 



e 


\ 


< 2 


t 1 























$12 




$13 




V2 




$23 




V2 




$33 


/ 



(3.6) 



The various entries denote vacuum expectation values 
multiplied by Yukawa coupling constants. These entries 
are labeled by the corresponding Higgs multiplet compo- 
nents. Thus, 



(£W 3 ) = A(£) , 
(r\r 2 ,r 3 ) = X(r) , 
($«)=A<$) . 



(3.7a) 
(3.7b) 
(3.7c) 



The first three rows are multiplied by the three horizontal 
components of q L (q = u,d) in the order 1, 2, 3; the 
second three rows by the diagonal (11), (22) and (33) 
components of Q L ; and the last three rows by the off- 
diagonal (23), (13) and (12) components of Q q L , where 
the sextet is denoted by a 3 x 3 symmetric matrix. The 
columns are multiplied by the components of qn and Q q R 
in the corresponding order. Notice the Clebsch-Gordan 
coefficients ±1, ±-4=; they play an important role in the 
model. 

We take the left-handed and right-handed horizontal 
triplet VEVs to be aligned. This means that we can use 
a horizontal rotation to transform any two components 
to zero. We choose 



f 1 ' 3 = , 
r 1 ' 3 = , 



and denote 



(3.8) 
(3.9) 



(3.10) 
(3.11) 



Notice that the triplet VEVs exhibit a residual SU(2)h 
symmetry in the (1, 3)-plane. An SU(2)h transformation 
$ — > U<&U T allows us then to set $i 3 = <5> 3 i = 0, so that 



$, 



The generic mass matrix M. becomes 




(3.12) 



M 



( 

^ 



-t 

r -t 



V V2 









±=r 



-x —z 
-V 




























-y 























— V 


z 







72- 


X 












(3.13) 



The sextet VEV pattern is dominated by a heavy mass 
scale M, But which entries of <&jj actually carry this 
scale? Clearly, they cannot all share such a property, as 
otherwise all light eigenmasses get suppressed. Indeed, 
the requirement of having one and only one family with 
eigenmass ~ £, a vital mass hierarchy ingredient, severely 
constrains the tenable VEV pattern. To see the point, 
notice that for any given I in the generic mass matrix 
Q3.13 ) to be suppressed at low energies, at least one entry 
along its column must be ~ M. Up to a residual SU{2)h 
rotation, this leaves us with only two options to consider: 
(i) Either v ~ M and t,y,z <C M, leading to 



$, 



M 
M x 




(3.14) 



(ii) or z ~ M and v, y, t <C M, for which 



$, 



MOO 
= |0x0 




(3.15) 



Although the value of x is not directly restricted, it can- 
not nonetheless to be <~ M, as otherwise another 0(£) 

x£ 

eigenmass ~ — would make its appearance; this 

y/M 2 + x 2 

refers to both options. Also, the second option can be 
rejected on phenomenological grounds. It lacks the stair- 
way structure eq.(2.9), and thus is not capable of produc- 
ing a doubly suppressed light eigenmass. One thus finally 
deduces that the sextet VEV pattern must be governed 
by 



$, 



M 
MOO 




(3.16) 



We now look again at eq.(3.13) where the dominant en- 
try v will now be relabeled as M, and focus on the effects 
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of the sub-dominant x, y, z, i-entries. The geometrically 
hierarchical stairway texture is evident. To be more spe- 
cific, here are the see-saw sub-matrices that are primarily 
responsible for the geometric mass hierarchy: 
1. The £ entry in row-2 (and similarly the r entry in 
column-2), 



M 25 = I (M 52 = r) 



(3.17) 



does not meet any heavy M-entry along its column (row) 
and thus stay unsuppressed. 

2. The -^=£ entry in row-1, and similarly the -^=r entry in 
column- 1, are involved in the 2x2 see-saw sub- matrices 



M 6 4 



M w 
M m 

M A & 
M 96 







7T 



-M 

—x 
—M 



(3.18a) 
(3.18b) 



These give rise to singly suppressed eigenmasses J^ M 
and %f M : respectively. 

3. The 4=£ entry of row-3 together with the 4=r entry 
of row-7 participate in the 3x3 Left-Right symmetric 
see-saw sub-matrix 







\/2 



4=M 

V2 




(3.19) 



xrl 

w 



The corresponding light eigenmass is 

So far, we have determined that the mass hierarchy 
r x 

parameters arc — and — . But, we have to vet gam 

. . M _ M ' J 6 

insight into the significance of y, z, t. To do so, we need 

to discuss the mixing angle hierarchies of the Cabibbo- 

Kobayashi-Maskawa (CKM) matrix. To proceed, we set 



M > x,y,z > t , 



(3.20) 



and evaluate the effective 5x5 mass matrix Mlr ob- 
tained by "integrating out" the four (D(M)-states. On 
phenomenological grounds, we must require t to be very 
small (see below). Note that the parameter t is special 
because it appears in the effe ctive 5 x 5 matrix directly. 
This is easy to verify from eq.( 3.13 ), by noticing that the 
bottom-right 4x4 corner contains the four heavy states. 
The M — > 00 limit leads to the removal of all the rows 
and columns containing the M entry; in this process, the 
parameters x, y, z also get removed, but t remains. 
The 5x5 effective mass matrix is given by 



M 



LR 



/o 






-J-r— 






fl rx 

l M 2 





1_PJL 

1 (i xy 



1 yz 
sfi M 2 



\ 



1 r xy 
Lr v z 

V2' V 



t - 



y z 

M 7 



V z 
AI 2 



where the entries are zero to (D(l/M 2 ). The 

heavy fermions Q 33 , Q 12 , Q 23 , Q 31 have been decoupled. 
Thus, up to 0(1/M) corrections, the fermionic basis of 
Mlr consists of (92, 9i, 93, Q 11 , Q 22 ) [note that q\ and 
52 ha ye for convenience been interchanged with respect 
to eq.tHjJ)]. 

A number of observations need to be made: 

1. The effective mass matrix Mlr displays the remnants 
of Left- Right symmetry (broken only because l^r). 

2. The eigenvalues are given by the magnitudes of the 
anti-diagonal entries [provided that (3) below holds] , 



I x x r x 

' 71m ' m 2 ' 7!m ' r 

3. We need the potentially large term 

y z 
M 2 



(3.22) 



(3.23) 



If this term is too large, the would-be 0(£) eigenvalue 
gets see-saw supp ressed. 

4. With eq.( 3.23| ) in place, the effective 3x3 mass matrix 
M e ff pertaining to the r 3> ( limit is the upper- right 
3x3 block 



Meff = 



£ 

n )—P-Z- 

U V2 M 72* M 

f rx 1 a xy l_e yz 



(3.24) 



5. Note the unusual fermion basis of M e ff- The right- 
handed partners of the mostly 'standard' left-handed 
quarks (q 2 L, qiL, 93l) are (Qf, Q 1 ^, q 3R ), respectively, 
two of which are mostly 'see-saw' fermions. The light- 
est family is therefore predicted to have different SU(2) r 
gauge couplings compared to the heavier families. 

6. The light family is also special in another respect in 
our scheme, because it is its own I «-> r partner. 

7. The left-sector mixing angles are governed by the ra- 

z y 

tios — and — . To improve predictivity, we would like 

the mixing parameters to be related to the mass hierarchy 
parameters. To this end we introduce the requirement 
that 



1*1 



(3.25) 



So, we have identified the requirements eqs.( 3.23 , 3.25 ) 
as phenomenological necessities within the general sextet 
VEV pattern. Is there something mathematically signifi- 
cant about these phenomenological constraints? Quite 
remarkably, there is a simple geometric underpinning. 
The required VEV pattern for each quark sector can be 
produced by 



(3.21) 



r 

< 3 > =(/orr) 1 

v° 

M 
< 6* > = U I M ] U T 




(3.26a) 
(3.26b) 



6 



where U is some SU(3)h matrix. In other words, the re- 
alistic sextet patterns are just SU(3)h transformations 
of the dominant pattern. The charge 2/3 and —1/3 
sectors differ from each other by their relative scales 
£u,d "C r u ,d "C M and by the SU(3)h rotations U u ,d- 
The departure of the matrices U Uj d from the identity 
is crucial for generating the mass hierarchy (through 
the x-parameter) , and for producing the CKM mixings 
(through y and z). 

The requirement $13 = $31 = 0, see eq.( |3.12j) , is trans- 
lated into 



UuUn + UnUu = 



(3.27) 



The most general SU(3)h matrix (up to diagonal phase 
matrices from its left and/or right) that satisfies this 
takes the form 



U = 



I cos \ cos a 
sin I 



cos I 



(3.28) 



y cos § sin a 
subject to the unitarity constraint 



tan ■ 



cos 2a — 



h 

tan — 
2 



(3.29) 



The "•" entries, calculable by means of unitarity, are of 
no relevance to our discussion. The quantities h and h are 
mass hierarchy parameters, while the mixing parameter 
a is related to the Cabibbo angle. Remembering that the 
Cabibbo angle is not too small, we note that the unitarity 
constraint allows a to stay finite in the limit h < h — > 0. 
To the leading order in h and h, and for arbitrary a, 



< $ >~ M 



— hcos 2 a cos a 
cos a h cos 2a 
sin a 




This pattern is characterized by 
M z cos 1 a 



(3.30) 



(3.31) 



which is very small (note that M cos a now plays the role 
of M). Furthermore, the pattern is traceless, 

z + x + t = 0, (3.32) 

and if a itself is first-order, we observe that 

z + x~0{ha 2 ) , (3.33) 

whi ch is also sm all. T he phenomenological constraints 
eq.(3.23) and eq.(3.25) are thus satisfied in a non-trivial 
way. 

Substituting the VEV pattern eq.( 3.30| ) into the low- 
energy effective mass matrix A4 e ff, we calculate the cor- 
responding CKM matrix Vckm to find that 



'11 


pncl n> 1 - r\i 1 

— CUb^CU^ (JL U ) , 








V22 


— COS (aw — OUi) , 








v 33 


~ 1 , 








v 12 


~ sin(a<j - a u ) , 








V21 


~ - sin(ad - a u ) 








V23 


— [ n u cos za u 


_j_ 
1 


rid ujo^oy 


-I- n W 


^32 


~ ^[-/i rf cos2a d 


+ 


ft u COS (a<z 


+ au)] 


v 13 


~ ^= [/i„ sin 2a u - 


h 


iSin(a d + 


a«)] , 


V31 


~ 7J [^d SU1 2a d - 


h 


L sin(a d + 





(3.34) 



The qualitative structure of Vckm is correct: V12 is sup- 
pressed with respect to the diagonal, V23 and V\ 3 are 
suppressed by the mass hierarchy parameters h u d , and 
V13 is smaller than V23 by a factor of the order of the 
Cabibbo angle. 

Before proceeding to discuss mass and mixing angle 
relationships in detail, let us re-emphasize the geometric 
origin of the hierarchy parameters h u ,d and the mixing 
parameters a Ut d- They arise by applying SU(3)h trans- 
formations on a simple primordial ($) form. The hier- 
archies are then due to these transformations U u 4 being 
only slightly different from the identity. This suggests 
that the observed pattern of quark mass and mixing, de- 
spite its complexity, may reflect a simple geometric struc- 
ture in an internal horizontal space. 

Mass and Mixing Angle Relations: 

The preceding subsection revealed the VEV pattern 
required for our scheme to work. It also provided a sur- 
prising geometric interpretation for this pattern. Two 
important questions, which appear to be intertwined, are 
now in order: Is our theory quantitatively as well as qual- 
itatively successful? What is the origin of the VEV pat- 
tern? 



From eq.(3.34), we see that 

V12 ~ — V21 — u d - a h 



(3.35) 



Interestingly, within the framework of our geometric 
mass hierarchy model, the Cabibbo angle 



a d - a v 



0.22 , 



(3.36) 



has nothing to do with the mass hierarchy. The hierarchy 
and the mixing parameters may get correlated, however, 
by means of the Higgs potential. 

Assuming that a u ^d "C 1, the hierarchy parameters can 
be easily identified 



1)1,, 



±V2- 
m t 

±V2^ 
m b 



(3.37a) 
(3.37b) 



where the sign ambi guities remain unresolved at this 
level. Equation (3.34) then produces the first indication 
of a mass and mixing angle relationship, 
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^ 3 ^-y 32 ^4(^-M- — ±— • (3-38) 

On phcnomcnological grounds, we need the relative sign 
between the mass ratios to be positive (see below). 
The light-heavy mixing entries are given by 

Vi3 ~ --y=hd(a u + otd) + V2h u a u , (3.39a) 

V31 a --j=h u (a u + a d ) + V2h d a d ■ (3.39b) 

A second phenomenologically successful relationship is 
then 

Via + V31 ~-^=(h d - h u )(a d - a u ) ~ V 12 V 23 , (3.40) 

involving mixing angles only (at this level of approxima- 
tion), and independent of the sign ambiguities. 

To proceed, we need more information about the hier- 
archy parameters h u>d and the mixing parameters a u ,d- 
The obvious place to seek this information is from the 
minimization of the Higgs potential. Unfortunately, the 
full Higgs potential is very complicated, making it diffi- 
cult to extract insight. We can obtain very interesting 
results, however, from a partial analysis, which we now 
present. 

The full Higgs potential contains all renormalizable, 
gauge and SU (3)jj invariant terms involving the Higgs 
multiplets £ u ,dj r u,d and <& Uld . These terms fall into two 
classes: those that are sensitive to the internal structure 
of the Higgs multiplets, and those that only depend on 
the overall scales of the Higgs multiplets. Our partial 
analysis has the following restrictions: 

(i) It focuses on the internal structure sensitive class. 

(ii) It assumes that the horizontal triplet VEVs are fixed 
in the (0, 1,0) configuration. 

(iii) It assumes that the sextet VEV pattern is of the 
form required by the geometric ansatz. 

(iv) It invokes, for simplicity, constraints motivated by 
a possible SU(2)' L (gs SU(2)' R see-saw weak isospin gauge 
group. 

The Higgs potential, with the above restrictions incor- 
porated, can be written in the form 



V = V + V int {a u ,a d , h u , h d ) 



(3.41) 



where 



V int = -- ai Tr($t$ d )Tr($^ u ) 



+c 1 [(r d ) t $t$ u (r d ) 

+ C2 [(r tl ) t <$„(r u ) 
+ (r -> t) . 



f (r u y^ d (r u ) 



(3.42) 



Expanding up to fourth order in a and h, we obtain 

Vint ^ (ai + a 2 )[K - a d) 2 + - "d) 4 ] + 
+2[a 2 (l - 3al -a 2 d + a u a d ) + a x a u a d + 2p u a 2 u ]h 2 u + 
+2 [aa(l - o? u - 3a 2 + a u a d ) + aia u a d + 2p d a 2 d ]h 2 d - 
-4[a 2 (l - 2a^ - 2a 2 d + a u a d ) + 



+a\a u a d + q(a 2 u + a 2 d )]h u h d - -a 2 (h d - h u ) 4 



where 



<1 

Pu 

Pd 



-br u r d 



(cir d + c 2 r 2 u ) , 
{cir 2 u + c 2 r 2 d ) , 



(3.43) 

(3.44a) 
(3.44b) 
(3.44c) 



having inputted \r \ ^> 

To minimize this potential, we keep the a's and /i's 
small, and identify a region of parameter space that is 
phenomenologically interesting. It turns out that the rel- 
evant region in parameter space is where the p's dominate 
the quartic couplings 

\Pu,d\ > k\, |ai,2|, (3.45) 

leading to 

Vint ^ (01 + a 2 )(a u - a d ) 2 + 2ai(h u - h d ) 2 + 

+ A( Pu alhl + Pd ajh 2 ) . (3.46) 

Two of the four minimization equations then lead to 
the remarkable relations 



h d 



a,, 



1/3 



(3.47) 



Given that the ratio of the p's is positive (as the potential 
is bounded from below), one very important consequence 
is that 



^<0 
h d 



(3.48) 



This resolves the sign ambiguity of eq.( 3.38j ), giving rise 
to the phenomenologically successful relation 



V23 — — V32 



m t 



(3.49) 



Combining eq.( 3.47 ) with the 9 C expression, we get 
h d 



hd — h u 
h u 



<'., 1 = —n r . (3.50a) 

(3.50b) 

u d — a u 

Substituting these results into the light-heavy mixing 
terms, we can now obtain individual relations for Via 
and V31, namely 
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Via - -j={h d + 2h u )e c 



rn, 



m b 



V, 



31 



2h d 



^ ui s ni c 
m b m f 



(3.51) 
(3.52) 



and establish the # c -independent relation 

„m c m, 



^3 

Vk 



TOfc 



2— 



(3.53) 



The relative minus signs in th ese equations are a non- 
trivial consequence of eq.( |3.4g| ). 

Our fi nal relation interrelates quark masses. From 
eq.(3.44) we learn that 



Pd 

Pa 



Ctrl + c 2 r 2 d 



c 1 r t 



Our model does not tell us why \h u \ <C \hd\- 
however, towards the parameter space region 



ci > c 2 . 



In this case, 



leading to 



Pd 

Pa 



hu 
hd 



2/3 



(3.54) 
It points, 

(3.55) 
(3.56) 

(3.57) 



Furthermore, invoking the see-saw weak isospin restric- 
tion which implies X u = X d and A u = A^, and recalling 
the eigenvalue spectrum, we arrive at 



I'd 



m u /m c 
m d /m s 



(3.58) 



Combining eq.(3.5S) and eq.( |3.47 ), an unusual mass re- 
lation makes its appearance: 



m u 
m d 



mt ) 



3/2 



5/2 



It is remarkable that the light quark mass ratio gets fixed 
by the heavy quark mass ratios. 



IV. DISCUSSION AND CONCLUSIONS 

The scheme developed in this paper provides, we be- 
lieve, a non-trivial framework that may contribute to a 
resolution of the flavor problem. It is successful in several 
very important respects: 



1. It seamlessly merges the universal see-saw mechanism, 
Left-Right symmetry and horizontal symmetry in a co- 
herent gauge theoretic structure. 

2. It establishes a connection between the experimen- 
tally observed (approximate) geometric mass hierarchy 
and the appealing horizontal symmetry group SU(3)h- 

3. Further, it establishes a connection between the geo- 
metric mass hierarchy and threefold family replication. 

4. The symmetry breaking pattern is interpreted in geo- 
metric terms. The observed mass and mixing angle hier- 
archies reflect a simple horizontal structure. 

5. The CKM matrix has the correct qualitative pattern. 

6. The model gives rise to phenomenologically successful 
mass-ratio (rather than square-mass-ratio) mixing rela- 
tions, and fixes the — - mass ratio. 

m d 

Using the heavy quark masses as input, we can probe 
our predictions numerically. Given the following m q (mz) 
values 1 12 



m s 
m c 
m b 
nit 



93 MeV 
677 MeV 
3.0 GeV 
181 GeV 



(4.1) 



and the Cabibbo angle 
CKM mixings to be 



0.22, we estimate the other 



V cb *. 
V ub 

v td - 



-V ts ~ — + — ~ 0.035 , 

m b mt 



m c 



m t m b 



9 C ~ 0.005 , 



2- - — | 6> r ~ 0.013 . 

m b mt , 



(4.2) 
(4.3) 
(4.4) 



These values should be compared with the experimental 
averages (only the first two of which have been measured) 
0.037 and 0.004, respectively. 

Given the m q (l GeV) values pf of 



m c 
m b 
mt 



175 MeV 
1.51 GeV 
7.18 GeV 
475 GeV 



(4.5) 



(3.59) we predict a light quark mass ratio of 



m d 



3/2 

m b \ I m, 
mt 



5/2 



0.44 



(4.6) 



This result is to be compared |ll| with 0.55 calculated 
by Gasser-Leutwyler and Dominguez-deRafael, with 0.29 
advertized by Donoghue-Holstein-Wyler, and the 0.4 
value derived by Narison. 

There are also several important open problems facing 
our model. Of immediate relevance to the discussion in 
this paper, it is clear that the symmetry breaking anal- 
ysis is incomplete. The complexity of the Higgs systems 
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needed to break attractive and powerful higher symme- 
tries is a general model building problem. In our case, 
while the Higgs boson multiplet structure has some ap- 
pealing features, the analysis of the general Higgs poten- 
tial is bedeviled by a proliferation of parameters. In this 
regard, the remarkable phenomenological success of the 
partial analysis presented above is encouraging. How- 
ever, we do not as yet know whether the required VEV 
pattern exists as an absolute minimum of the Higgs po- 
tential for a range of parameters. To rephrase the ques- 
tion, we can ask: What is the simplest Higgs system 
that can furnish the VEV pattern we need? Is the sys- 
tem discussed in this paper sufficient, or are other mul- 
tiplets needed? In particular, does supersymmetry, with 
its strong constraints on the Higgs potential, have an im- 
portant role to play? (The cubic nature of superpoten- 
tials suggests an intriguing connection between SU(3)h 
invariance and the number of Yukawa legs). It is impor- 
tant to know how robust are our mass and mixing angle 
relations, because the partial Higgs potential minimiza- 
tion procedure was central in the derivation of some of 
them. 

The role of even higher symmetries is also an open 
problem. We have seen that see-saw weak-isospin group 
SU(2)' L CD SU{2)' R is immediately suggested by the mul- 
tiplet structure of the theory. If it exists, it also requires 
that different Higgs sextets couple to the charge +2/3 
and — 1/3 sectors, which we invoked for phenomenological 
reasons. There is a further suggestive extension to grand 
unified S'O(IO) ® SO(10)', consistent with the flavor- 
chiral nature of SU(3)h- If SU(3)h is truly a global 
symmetry, as suggested by its flavor-chirality and conse- 
quent anomalies, then its deeper origin is another open 
problem. Indeed, the essential use of the 3 ©6* represen- 
tation of SU (3)h hints at a possible underlying compos- 
ite model, for exactly the same reasons that Gell-Mann- 
Ne'eman SU(3) suggested the existence of quarks. The 
simple group-theoretic result that 

3*®3*=3©6* (4.7) 

may imply that the multiplet structure we have used can 
be constructed from two-body bound states of preons in 
the 3* representation of SU(3)h- 

The model presented in this paper does not explain 
the hierarchy between the top and bottom quark masses. 
Recall that there is one unsuppressed eigenvalue £ per 
charge sector, which indeed matches the observed value 
of m t beautifully. However, the relatively low mass for 
the bottom quark can only be incorporated through a 
Yukawa coupling constant hierarchy 

^ = H* . (4.8) 

The theory as it stands does not address the question 
of mass splitting between weak-isospin partners. Several 
possible approaches to this deep issue are apparent: Per- 
haps the mass parameter t in the effective 5x5 mass 



matrix M.lr is significantly larger for the charge —1/3 
sector than it is for the charge +2/3 sector. In that case, 
the would-be order I eigenvalue becomes see-saw sup- 
pressed. Another perspective on the top-bottom mass 
splitting issue is afforded by the question: Does custodial 
SU(2) have a role to play? This accidental symmetry of 
the minimal standard model Higgs potential, if enforced, 
leads to mass degeneracy between weak-isospin partner 
fermions. Interestingly, custodial SU(2) can sometimes 
be identified with SU(2) R @. 

We have not explicitly discussed leptons in this paper, 
though the most straightforward extension of our model 
to leptons is obvious. The full neutral-lepton mass ma- 
trix is then an 18 x 18 matrix which should have interest- 
ing calculable features. In the simple universal see-saw 
model, the Majorana see-saw mechanism for neutrinos is 
automatic, leading to enhanced suppression for neutrino 
masses. A similar phenomenon is expected here, but the 
question of whether the light neutrinos are necessarily 
hierarchical needs to be answered. The mass splitting 
between quarks and leptons is another deep issue. One 
well-known approach to this problem lies in the explo- 
ration of symmetries between quarks and leptons, for ex- 
ample grand unification, Pati-Salam SU(4), and discrete 
quark- lepton symmetry p5| . 

Finally, there is the question of experimental testabil- 
ity. The phenomenology of the familon-like Goldstone 
bosons arising from the breakdown of global SU(3)h 
needs to be analyzed. Also, the production of cosmo- 
logical texture in the early universe and its role in large- 
scale structure formation may lead to a cosmological test 
of spontaneously broken global SU(3)h- The mass and 
mixing angle relations we derived will be tested further 
as more data is gathered, particularly for the top-quark 
CKM elements V32 and V31. If right-handed weak inter- 
actions should be discovered, then our theory predicts 
that the up and down quarks will couple more strongly 
to Wr and Zr than will charm, strange, top and bot- 
tom. Finally, the neutral-lepton mass matrix may have 
testable consequences for neutrinos, an issue we intend 
to explore in the future. 
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